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Altshuler's Sphere M!g5 is not Polytopal 
JURGEN BOKOWSKI AND KLAUS GARMS 
There is still no algorithm to decide in reasonable time whether a combinatorial sphere is 
polytopal or not. A short method of proof for showing that a combinatorial sphere is not polytopal 
is described in the case of a 3-sphere with 10 vertices (Altshuler'S M!g5)' 
1. INTRODUCTION 
There is still no algorithm to decide in reasonable time whether a combinatorial sphere 
is polytopal or not, compare [4], [2]. The following example of a combinatorial simplicial 
3-sphere is one of the former undecided cases in Altshuler's list of 3-spheres with 10 vertices 
(M!gs), see [1]. We give a short proof for showing that this combinatorial sphere is not 
polytopal. 
The importance of deciding the polytopality of this particular sphere was already 
mentioned in [1]. The sphere has a very high symmetry which can be seen in the following. 
In the meantime all remaining neighborly 3-spheres with 10 vertices have been classified, 
see [3]. 
The combinatorial structure of the 3-sphere is given by the list of facets given in Table 1. 
The facets can easily be read from the Petersen-graph (compare symbols). We thank Mr 
Ganter for this remark. 
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TABLE 1 
Combinatorial structure of the 3-sphere 
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2. PROOF OF THE NONPOLYTOPALITY 
(v,v,v,v,v,j ,~ det (i vi" ... Vi") 
V~') V~4) 
V,V2V3V4VS := sign (V,V2V3V4VS) 
denote the orientation of the 4-simplex with vertices v" V 2 , V3, V 4 , Vs ordered in this way 
(vY) kth coordinate of vertex vj ' k = 1, 2, 3, 4). Thus we have for example 38726 
-36728. 
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TABLE 2 
I I I I I 
41085 47061 23067 29863 25849 
I I I I I 
41025 87061 23467 29803 65849 
I I I I I 
41065 27061 23867 29843 05849 
I I I I I 
47065 23061 29867 25843 01849 
I I I I I 
47062 23064 29864 25840 01842 
I I I I I 
47068 23068 29860 25846 01846 
I I I I I 
We assume the sphere to be polytopal which implies that the orientations given in Table 2 
have to be equal. This is immediately seen, e.g. 41085 = 41025 because 4, 1,0, 5 are vertices 
of a facet and 8 and 2 must lie on the same side of the hyperplane determined by this facet. 
The determinants fulfil the following quadratic GraBmann-Pliicker relations 
{abc/uvxy} := (abcuv)(abcxy) + (abcuy)(abcvx) + (abcxu)(abcvy) = 0, 
compare [6, p. 310], see also [3]. 
The linear combination of 10 such relations in Table 3 gives zero again. This reduces to 
the linear combination given in Table 4 by cancelling suitable pairs of products. We look 
up all orientations in this list and find that all products have the same sign. Thus the sphere 
cannot be polytopal. 
TABLE 3 
+ {680/1742} (26034)(24085)(26894) 
+ {260/1384} (68074)(24085)(26984) 
+ {246/3 708} (26809)(24085)(68041) 
+ {268/9704} (26034)(24085)(68041) 
+ {280/9346} (24856)(46072)(68041) 
- {248/3506} (26809)(46072)(68041) 
+ {468/9520} (48012)(46072)(26038) 
+ {480/9162} (24856)(46072)(26038) 
+ {240/1568} (68074)(26894)(26038) 
- {460/5782} (48012)(26894)(26038) = 0 
TABLE 4 
- (02468)(68017)(26034)(24085)(26894) 
+ (02468)(26013)(68074)(24085)(26894) 
- (02468)(24637)(26809)(24085)(68041) 
- (02468)(26897)(26034)(24085)(68041) 
+ (02468)(28093)(24856)(46072)(68041) 
- (02468)(24835)(26809)(46072)(68041) 
- (02468)(46895)(48012)(46072)(26038) 
+ (02468)(48091 )(24856)(46072)(26038) 
+ (02468)(24015)(68074)(26894)(26038) 
+ (02468)(46057)(48012)(26894)(26038) = 0 
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